We study D-elliptic sheaves in terms of their associated modules, which we call Drinfeld-Stuhler modules. First, we prove some basic results about Drinfeld-Stuhler modules and give explicit examples. Then we examine the existence and properties of Drinfeld-Stuhler modules with large endomorphism rings, which are analogous to CM and supersingular Drinfeld modules. Finally, we examine the fields of moduli of Drinfeld-Stuhler modules.
satisfying certain conditions; see Sect. 2.2. This concept implicitly appears in [22, Sect. 3] , although it does not play an important role in that paper since its "shtuka" incarnation (the D-elliptic sheaf) seems better suited for the study of moduli spaces. The advantage of the concept of Drinfeld-Stuhler module is that it is relatively elementary and one can easily write down explicit examples of these objects. We expect that the reader familiar with the theory of Drinfeld modules, but not necessarily with [22] , will find it easier to understand the results of this paper in terms of Drinfeld-Stuhler modules, rather than D-elliptic sheaves.
The theory of Drinfeld modules can be seen as a special case of the theory of DrinfeldStuhler modules for D ∼ = M d (F ); cf. Sect. 2.4. In the other direction, some of the properties of general Drinfeld-Stuhler modules are similar to, and in fact can be deduced from, the properties of Drinfeld modules, e.g., uniformizability and CM theory. There are also some notable differences. The most significant is probably the fact that, when D is a division algebra, the modular varieties of Drinfeld-Stuhler modules are projective [22] , unlike the Drinfeld modular varieties, which are affine [8] . Another difference is that DrinfeldStuhler modules can be defined only over fields which split D (cf. Lemma 2.5), so for D M d (F ) there are no Drinfeld-Stuhler modules over F itself, even in the simplest case when A = F q [T ] .
The main results of this paper concern the endomorphism rings of Drinfeld-Stuhler modules and their fields of moduli. The outline of the paper is the following:
In Sect. 2, we introduce the concept of Drinfeld-Stuhler O D -modules and prove some of its basic properties. Moreover, we give several explicit examples, which will be revisited throughout the paper. is an A-order in an imaginary field extension K of F which embeds into D, so, in particular, End L (φ) is commutative and its rank over A divides d. ("Imaginary" in this context means that there is a unique place ∞ of K over ∞.) Next, we study Drinfeld-Stuhler modules over C ∞ with large endomorphism rings, namely the analogue of "complex multiplication". The results here are similar to those for Drinfeld modules; cf. [11, 17] . We prove that if K is an imaginary field extension of F of degree d which embeds into D and O K is the integral closure of A in K , then, up to isomorphism, the number of Drinfeld-Stuhler O D -modules over F with End F (φ) = O K is finite and nonzero, and any such module can be defined over the Hilbert class field of K (= the maximal unramified abelian extension of K in which ∞ totally splits). We also compute the number of isomorphism classes of Drinfeld-Stuhler modules over C ∞ with the largest possible automorphism group F In Sect. 5, we fix a maximal ideal p A and study Drinfeld- Stuhler O D -modules over the algebraic closure of A/p with large endomorphism rings, namely the analogue of "supersingularity". It turns out that the cases when D is ramified/unramified at p have to be studied separately, but in either case the endomorphism ring of a supersingular Drinfeld-Stuhler module is essentially a maximal A-order in the central division algebra over F of dimension d 2 whose invariants are closely related to the invariants of D. These results are again similar to those for Drinfeld modules; cf. [12] . This potentially opens up the way to use Drinfeld-Stuhler modules in the arithmetic of division algebras over function fields.
In Sect. 6, we prove a Hilbert's 90th-type theorem for M d (L sep [τ ] ) and use this theorem to give conditions under which a field of moduli for a Drinfeld-Stuhler module is a field of definition. In particular, we prove that a field of moduli is a field of definition if and only if it splits D. We also prove that if d and q d − 1 are coprime, then a field of moduli is always a field of definition. These results have applications to the existence/nonexistence of rational points on the coarse moduli scheme of Drinfeld-Stuhler modules. An interesting application of this is the construction of concrete examples of varieties over function fields violating the Hasse principle; we will discuss this application in a future publication.
Basic properties and examples
In this section, after introducing the notation and terminology that will be used throughout the paper, we define the key concept of Drinfeld-Stuhler module. We then examine the basic properties of these objects and give explicit examples.
Notation and terminology
Let F be the field of rational functions on a smooth and geometrically irreducible projective curve C defined over the finite field F q of q elements, where q is a power of a prime number. Fix a place ∞ of F (equiv. a closed point of C), and let A be the subring of F consisting of functions which are regular away from ∞. A is a Dedekind domain.
An imaginary field extension of F is an extension K /F in which ∞ does not split, i.e., there is a unique place ∞ of K over ∞. For a field L we denote by L alg (resp. L sep ) its algebraic (resp. separable) closure.
For a place v of F , we denote by F v , O v , and F v the completion of F at v, the ring of integers in F v , and the residue field at v, respectively. If v = ∞, so corresponds to a nonzero prime ideal p of A, we sometimes write A p or A v instead of O v , and F p instead of p.
An empty product is assumed to be 1, so r( 
One can write the elements of
is a surjective homomorphism.
Definitions and basic properties
satisfying the following conditions: 
which extends linearly to a homomorphism
Proof Both sides are rings with 1, so ∂ φ,L is nonzero, as it maps 1 to 1.
is injective, and comparing the dimensions, we see that it is in fact an isomorphism. Now assume that char
Since M d (L) is a central simple algebra over L, the previous argument again implies that ∂ φ,L is an isomorphism.
Remark 2.6 If char
A (L) divides r(D), then ∂ φ,L is not an isomorphism, since O D ⊗ A L is not isomorphic to M d (L); cf. Sect. 5.2.
Remark 2.7
We recall some necessary and sufficient conditions for a finite field extension 
We say that u is an isogeny if ker(u) is a finite group scheme over L; an isogeny u is separable if ker(u) is étale. Note that 
has at least one nonzero entry, we must have γ (a) q m = γ (a). Since a was arbitrary, this implies γ (A) ⊆ F q m . On the other hand, since L has generic A-characteristic, γ (A) is infinite, which leads to a contradiction.
By the first claim, ∂ maps End Without loss of generality, we can assume that L is algebraically closed. Suppose u ∈ Hom(φ, ψ) is nonzero and has infinite kernel. Since ker(u) ⊂ G d a,L is an algebraic subgroup with infinitely many geometric points, the connected component ker(u) 0 of the identity has positive dimension. We can decompose u = u 0 τ s for some s ≥ 0, so that ∂(u 0 ) = 0. Note that ∂ u 0 is not invertible since it acts as 0 on the tangent space of ker(u) 0 . Thus, 
Examples
As a consequence of the Grunwald-Wang theorem, every central simple F -algebra is cyclic; see [27, (32.20) ]. This means that there is a Galois extension K /F with Gal(K /F ) ∼ = Z/dZ, a generator σ of Gal(K /F ), and f ∈ F × such that 
in D. This order is not necessarily maximal. It is not hard to compute that its discriminant is equal to [5, Cor. 7] . For an A-order in D to be maximal, it is necessary and sufficient for its discriminant to be equal to the discriminant of a maximal order. The discriminant of a maximal order in D can be computed from the invariants of D; see [27, (32 
be defined as follows:
Using the fact that α f = f α , it is easy to check that φ z φ α = φ σ α φ z and φ d z = φ f . Thus, φ is an embedding. Moreover, for a ∈ A, we have φ a = diag( a , . . . , a ), which maps under ∂ to diag(γ (a), . . . , γ (a)) by the definition of Drinfeld modules. Finally,
Thus, φ is a Drinfeld-Stuhler O D -module. 
Example 2.16 As a more explicit version of Example 2.15, let
Since the sum of the invariants of D over all places of F is 0, if we assume that
, then D will be split at ∞ and will ramify only at the primes of A dividing r.
given by
is a Drinfeld-Stuhler module.
Remark 2.17 It is easy to see from the previous example that for general
On the other hand,
Since h q−1 = 1, we must have α = 0, but then β = 0.
It is easy to check that φ is an injective homomorphism using the fact that :
is an injective homomorphism. That (ii) is satisfied follows from the definition of Drinfeld modules. The non-reduced norm on O D in this case is simply the dth power of the determinant map, up to a sign. Condition (i) is easy to check for diagonal and unipotent matrices in M d (A). Since these matrices generate the semigroup of matrices in M d (A) with nonzero determinants, it follows that condition (i) holds. Hence, φ is a Drinfeld-Stuhler module.
Morita equivalence for Drinfeld-Stuhler modules
The main result of this subsection is the fact that any Let R be an arbitrary unitary ring (not necessarily commutative). We denote by e ij ∈ M d (R) the matrix which has 1 at the (i, j)th entry, and 0 everywhere else. We have the relations
Lemma 2.19 Let R be a unitary ring for which every left ideal is principal. Let
be nonzero elements which satisfy the following conditions:
We observe the following:
• e i acts as id on
• e i acts as 0 on M j (the same argument as above).
•
Hence, M is an internal direct sum of the submodules M i . We see that M i is a projective left R-module, and since every left R-ideal is principal, M i is free. Since M i = 0, rank R M i ≥ 1. Comparing the ranks of M i and M, we see that rank
Now let e ij = φ(e ij ). Since e ii satisfy the conditions listed above, after a conjugation corresponding to mapping a given basis to the basis of the previous paragraph, we can assume e ii = e ii . Next, e ij e jj = e ij and e ii e ij = e ij shows that e ij has zero entries except possibly at (i, j)th entry, which we denote a ij . Since e ij e ji = e ii , we see that a ij a ji = 1. Hence, all a ij ∈ R × . After conjugating φ(M d (A)) by diag(a 11 , a 12 , . . . , a 1d ), we get a 1i = a i1 = 1 for all i. On the other hand, a ij = a i1 a 1j , so e ij become e ij . , 1, 1 , . . . , 1)). Next, ae ij = e i1 (ae 11 )e 1j , which implies that φ(ae ij ) is the matrix a e ij . Hence, φ arises from a unique Drinfeld A-module of rank d by the construction of Example 2.18.
, of the corresponding Drinfeld-Stuhler modules. By an argument similar to the argument of the previous paragraph, it is not hard to check that any morphism φ → φ arises in this manner. This proves the theorem. 
Remark 2.21 Given a unitary ring R and a left
Now suppose F = F q n F is obtained by extending the constants. In this case F w /F v is unramified of degree n/ gcd(n, deg(v)). Hence, using the above formula for the invariants of D ⊗ F F , we see that there is n, e.g.,
(The second map is a formal substitution τ → σ ; it is not a homomorphism.) Note that φ is not a Drinfeld-Stuhler module according to our definition, but the definition can be easily generalized so that φ is a Drinfeld-Stuhler module of "rank n". Denote 
The first category is a variant of Anderson's motives. The second category arises from D-elliptic sheaves mentioned in Introduction. 
Definition 3.3 Fix a maximal
are injective D-linear homomorphisms. Moreover, for each i ∈ Z the following conditions hold:
and the inclusion
and z is the morphism induced by γ :
is a sequence of sheaf morphisms ψ i : E i → E i+n for some fixed n ∈ Z which are compatible with the action of D and commute with the morphisms j i and t i :
Note that the group Z acts freely on the objects of the category of D-elliptic sheaves by "shifting the indices":
Let DES/Z be the quotient of the category of D-elliptic sheaves by this action of Z.
This is independent of i since supp(
, where the operation of τ is induced from t i : [22, (3.17) ].
Theorem 3.4 The functor E → M(E) gives an equivalence of DES/Z with DMot.
Proof This is implicitly proven in [22, (3.17) ] and explicitly in [32, 10.3.5] . We outline the main steps of the proof since part of this argument will be used later in the paper. First note that since M(E) does not depend on the choice of E i , the map is indeed a functor from DES/Z to DMot. Next, let [22, (3.13) ]. Hence, by [22, (3.16) 
where 
Corollary 3.6 The ring End(φ) is canonically isomorphic to the ring
Proof The functorial properties of exp φ (cf. [1, p. 473] ) imply that ∂ maps End(φ) isomorphically to the ring
Since any matrix which commutes with ∂ φ (O D ) must be a scalar, we get the desired isomorphism. 
be the Drinfeld symmetric space, where H runs through the set of F ∞ -rational hyperplanes in P d−1 (C ∞ ). Similar to the ring of finite adèles 
Proof 
Complex multiplication
Thus,
]. Now it is easy to see that
which is the maximal order in the central division algebra over F ∞ with invariant −1/d; cf. [22, Appendix B] . Definition 3.14 and theorem 3.17 in [22] imply that End(φ) acts faithfully on W ∞ , and this action gives an embedding End(φ)
This proves (1) and (2).
To prove (3), note that φ is defined over some finitely generated subfield of L which can be embedded into C ∞ . So, without loss of generality, we assume L = C ∞ . Combining (1) and (2) with Lemma 2.12 already implies that End(φ) is an A-order in an imaginary field extension of F . We need to show that End(φ) embeds into D. Let φ be the O D -lattice associated with φ by Theorem 3.5. By Corollary 3.6, α ∈ End(φ) corresponds to c ∈ C ∞ such that c φ ⊆ φ . On the other hand, the F -span F φ is a free module over D of rank 1, so c corresponds to a unique element of D. Mapping α to that element gives an embedding End(φ) → D. Finally, the rank of End(φ) over A is equal to the degree of End(φ) ⊗ F F over F , and it is well-known that a subfield of D containing F has degree over F dividing d; cf. [27, Sect. 7] .
To prove (4), note that we have established that E := End L (φ) is an A-order in the division algebra H := E ⊗ A F over F . In this situation, α ∈ E is a unit if and only if Nr H/F (α) ∈ A × ∼ = F × q , where Nr H/F is the norm on H; cf. [27, p. 224]. We also proved that H ∞ := H ⊗ F ∞ is a subalgebra of the central division algebra over F ∞ with invariant [27] . Since the norm of any element of E is in A, the subring k :
, via the equivalence of Sect. 2.4, the statements of Theorem 4.1 are equivalent to some well-known facts about the endomorphism rings of Drinfeld A-modules of rank d; cf. [13] . 
It is clear that E ∼ = O K . One easily checks that the elements of E commute with φ α , α ∈ O K , and φ z . Therefore, E ⊆ End(φ). Since O K is a maximal A-order in K , Theorem 4.1 implies that End(φ) ∼ = O K . 
Lemma 4.5 Let φ be a Drinfeld-Stuhler O D -module over a field L of generic Acharacteristic. Assume E ⊂ End L (φ). There is a Drinfeld-Stuhler O D -module ψ which is isogenous to φ over L and End
Proof Let c be the conductor of E, i.e., the largest ideal of O K which is also an ideal of E. 
is an invertible matrix, and ∂ φ (a) (a ∈ A) is the scalar matrix diag (γ (a), . . . , γ (a) ), we also get that ∂ ψ (a) = diag(γ (a), . . . , γ (a) ). Thus, there is a Drinfeld-Stuhler O D -module ψ over L and an isogeny u : φ → ψ whose kernel is H. Now one can apply the argument in the proof of [14, Prop. 4.7.19 ] to deduce that End(ψ) ∼ = O K .
We further investigate the properties of Drinfeld-Stuhler modules with CM using analytic uniformization. We fix an embedding
From now on we will implicitly assume that D is a division algebra.
Proof Letz ∈ C d ∞ be an element mapping to z; suchz is well defined up to a scalar
The lattice = Oz is in the isomorphism class of (z,α) . We have
where c ∈ C ∞ acts onz as a scalar matrix. The inclusion Ocz ⊂ Oz is equivalent to the existence of γ ∈ O such that γz = cz. This γ obviously fixes z, and since
. Conversely, suppose γ ∈ E (z,α) , so γ ∈ O and γz = cz for some nonzero c ∈ C ∞ (because γ ∈ K z ). Reversing the previous argument we see that c ∈ End( ).
Observe that E (z,α) is a subring of D since for γ , γ ∈ E (z,α) with γz = cz, γ z = c z, we have (γ + γ )z = (c + c )z. Hence, K z = E (z,α) ⊗ A F is a commutative subalgebra of D, i.e., K z is a subfield of D. Since the map E (z,α) → End( ), γ → c, is a homomorphism which extends to K z → C ∞ , it must be injective. But we have seen that E (z,α) → End( ) is also surjective; thus, it is an isomorphism. 
Remark 4.7 For any α
∈ D(A f ) × and a CM field K ⊂ D, the intersection K ∩ α O D α −1 is an A-order in K . To prove this, first observe that D ∩ α O D α −1 is a maximal order in D.
Lemma 4.8 Let K be a CM subfield of D. The number of fixed points of K × in d is nonzero and is at most d.
Proof Since F has transcendence degree 1 over F q , we can find a primitive element γ ∈ K such that K = F (γ ); cf. [2] . It is enough to prove that γ has at least one and at most d fixed points in d . Note that the minimal polynomial of γ over F has degree d and divides the characteristic polynomial of γ considered as an element of GL d (F ∞ ). Thus, the minimal polynomial is equal to the characteristic polynomial. The claim then follows from the fact that a matrix in GL d (C ∞ ), whose characteristic and minimal polynomials are equal, has at least one and at most d eigenvectors, up to scaling. Notation 4.9 Let K be a CM subfield of D and E be an A-order in K . Let
It is easy to check that K × acts on 
cf. Lemma 4.6. Note that for any γ ∈ D × , we have K γ z = γ K z γ −1 , and so
By the Skolem-Noether theorem [27, (7.21) ], two embeddings K ⇒ D differ by an inner automorphism of D. Thus, there is γ ∈ D × such that K z = γ K γ −1 and End( (z,α) ) = γ Eγ −1 . This implies that we can find z ∈ S K such that γ z = z. We also have
Hence, we can find α ∈ T E such that α = γ α . Overall, we conclude that 
From Theorem 4.1 (4) we know that Aut(φ) ∼ = F Next, in a special case, we compute the number of isomorphism classes of DrinfeldStuhler modules over C ∞ with maximal possible automorphism group F × q d . In principle, this amounts to an explicit computation of the order of the double coset space in Theorem 4.10 (1), but we will take a somewhat different approach which also provides a group-theoretic interpretation of this number. 
It is clear that for a special point z ∈ and any γ ∈ , the point γ (z) is also special since γ (z) = γ z γ −1 . Denote the set of -orbits of special points by S( ). Denote the set of conjugacy classes of subgroups of isomorphic to
If we fix a generator g of G, then Fix(G) coincides with the set of fixed points of g. The characteristic polynomial of g is separable and irreducible over F ∞ (in fact it has coefficients in F q ), so #Fix(G) = d; cf. Lemma 4.8. Let G 1 and G 2 be two subgroups of isomorphic to 
Supersingularity
The results on this section are not new. We essentially rephrase some of the results in [22] and [24] for D-elliptic sheaves in terms of Drinfeld-Stuhler modules. This reformulation might be useful for the purposes of future reference. Moreover, Examples 5.2 and 5.10 are quite instructive, since in special cases they deduce the main result about the endomorphism rings of supersingular Drinfeld-Stuhler modules by a direct calculation.
In this section we fix a maximal ideal p A. Let L be a field extension of F p of degree m, so L is a finite field of order q n , where n = m · deg(p). Let π = τ n be the associated Frobenius morphism. With abuse of notation, denote by π also the diagonal matrix diag(π, . . .
We assume that the A-field structure γ : A → L factors through the quotient morphism A → A/p; in particular, char A (L) = p.
As we will see, the theory of Drinfeld-Stuhler modules over L differs considerably depending on whether D ramifies at p or not. (Note that this difference already appeared in Lemma 2.5.) 
Case 1: p / ∈ Ram(D)
With abuse of notation, for i ≥ 1 let
Note that, since the image of is in F q [τ ], we have
In particular, h and κ i commute with φ z . It is clear that these elements also commute with φ T = τ d . Finally, h obviously commutes with φ h , and so does κ i :
Note that h and κ i do not commute,
where σ is the Frobenius automorphism in Gal(
Combining relation (5.2) with
we see that for i coprime to d we have
(see (2.1) for the notation). By [27, (30.4) ], for i coprime to d, we have 
Note that the invariants of D agree with the invariants of D given by Theorem 5.1, since in this case π ∈ F .
Next, we claim that End L (φ) is a maximal A-order in D . One can argue as follows:
Since an A-order in D is maximal if and only if it is locally maximal at all primes p A (see [27, (11.6) ]), we conclude that End L (φ) is a maximal order.
Finally, note that F 
2. some power of π lies in A; 3. there is a unique primep in F lying over p;
Proof Let L be a finite extension of L of degree c. The Frobenius of L is π c . Applying Theorem 5.1, we see that dim F (End L (φ) ⊗ A F ) = d 2 is equivalent to F (π c ) = F , and since π is integral over A, this last condition is equivalent to π c ∈ A. This shows that (1) and (2) are equivalent.
Assume (2), i.e., π c ∈ A for some c ≥ 1. By Theorem 5.1, ord p (π c ) = 0. This implies ord P (π c ) = 0 for any prime P in F lying over p, and hence also ord P (π) = 0. Applying Theorem 5.1 again, we conclude that P =p is unique, which is (3). To prove (3)⇒(2), let f = Nr F /F (π). We have ord p (f ) > 0 and ord p (f ) = 0 for any prime p A not equal to p. Let ordp(π) = u and ordp(f ) = w. The element π w /f u ∈ F has no zeros or poles away from ∞, sincep is the unique prime over p by assumption. This implies that π w /f u lies in the algebraic closure F of F q in F . Therefore, π wκ = f uκ ∈ A, where κ = #F − 1.
Assume (2) . 
Case 2: p ∈ Ram(D)
We will make a stronger assumption that D is not just ramified at p, but, in fact,
Lemma 5.6 If D p is a division algebra, then a Drinfeld-Stuhler O D -module over a field L of A-characteristic p is necessarily supersingular, i.e., φ[p] is connected.
Proof The proof is essentially the same as of the analogous fact for quaternionic abelian surfaces; cf. [28, Lem. 4.1] .
For each integer n ≥ 0, let
For n ≥ n we have the inclusion H n ⊂ H n compatible with the left O D -module structures. We define the Tate module of φ at p as
T p (φ) is a free A p -module of rank ≤ d 2 ; cf. [1, 15] .
It is enough to show that
as xv = 0 implies x −1 (xv) = 1v = v = 0, contrary to the assumption. On the other hand, for any a ∈ p, since ∂φ a = 0, we have
is not a reduced scheme, which forces dim V p (φ) < d 2 .
Fields of moduli
The main results of this section are about the fields of moduli of Drinfeld-Stuhler modules.
As an auxiliary tool, we will need a Hilbert's 90th-type theorem for GL d (L sep [τ ] ), which we prove first. Throughout the section, L is an arbitrary A-field with char A (L) r(D). (2) , where
Proof It is obvious that K [τ ] has no torsion elements for the action of 
Definition 6. 5 We say that G acts on M by semi-linear automorphisms (cf. [3, p. 110 
where σ λ denotes the usual action of G on K [τ ] and the dot denotes the action of
It is easy to see that M G is a left L[τ ]-module. 
Proof Define a (twisted) action of G on M:
One easily checks that (σ δ) * m = σ * (δ * m) for all σ , δ ∈ G and m ∈ M, so this is indeed an action. Moreover, this action is semi-linear. Using Lemma 6.6, we can choose a basis 
are equivalent to the matrix equality S = (σ S)c σ for all σ ∈ G, and this implies the claim of the lemma.
Lemma 6.8 Let φ be a Drinfeld-Stuhler O D -module over K with
gives an isomorphism from the group Aut K (φ) to the group A := {diag(α, . . .
Proof By Lemma 2.5, ∂(Aut K (φ)) lies in the center of GL d (K ). Since the center of GL d (K ) consists of scalar matrices, and the (q r − 1)th roots of 1 in K are the elements of F × q r , the restriction of ∂ to Aut K (φ) is indeed a homomorphism into A. Since Aut K (φ) ∼ = A, to prove that ∂ is an isomorphism it is enough to prove that it is injective. Let h := q r − 1. Assume α ∈ Aut K (φ) is such that ∂(α) = 1. Then we can write α = 1 + n i=1 B i τ n for some n ≥ 1. Suppose not all B i are zero, and let m be the smallest index such that B m = 0. Then
which implies hB m = 0. Since h is coprime to the characteristic of K , we must have B m = 0, which is a contradiction.
Remark 6.9
It is not generally true that the elements of Aut K (φ) are scalar matrices in GL d (K [τ ] ). For example, suppose d = 2, diag(α, α) ∈ Aut K (φ), and α / ∈ F q . Let
, where ψ is the Drinfeld-
It is easy to check that φ σ is again a Drinfeld-
If L is a field of definition for φ, then L is obviously a field of moduli. 
Remark 6.18
It is known that in general the fields of moduli for abelian varieties are not necessarily fields of definition.
For example, let B be an indefinite quaternion division algebra over Q, and let X B be the associated Shimura curve over Q, which is the coarse moduli scheme of abelian surfaces equipped with an action of B. The main result in [19] 
